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Abstract 

We study the discrete and continuous versions of the Markus- 
Yamabe Conjecture for polynomial vector fields in W 1 (especially when 
n = 3) of the form X = A I+H where A is a real number, I the identity 
map, and H a map with nilpotent Jacobian matrix JH. We consider 
the case where the rows of JH are linearly dependent over M and that 
where they are linearly independent over R. In the former, we find 
non-linearly triangularizable vector fields X for which the origin is a 
global attractor for both the continuous and the discrete dynamical 
systems generated by X. In the independent continuous case, we 
present a family of vector fields which have orbits escaping to infinity. 
In the independent discrete case, we present a large family of vector 
fields which have a periodic point of period 3. 

1 Introduction 

Let F : W 1 — >• M n be a C 1 — vector field with F(p) = 0. Consider the differen- 
tial system 

x = F(x) . (1) 

We let 4>(t, x) denote the solution of (0Q) with initial condition <f>(0, x) = x. 
We say that p is a global attractor of the differential system (CD) if for each 
x G M™, we have that 0(t, x) is defined for all t > and tends to p as t tends 
to infinity. 
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by FONDECYT Postdoctoral Grant #3100082 and Mecesup PUC-0711. 
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In |MYj . L. Markus and H. Yamabe establish their well known global 
stability conjecture. 

The Markus- Yamabe Conjecture (MYC). Let F : W 1 ->■ R n be a 

C l — vector field with F(0) = 0. If for any x G W 1 all the eigenvalues of 
the Jacobian of F at x have negative real part, then the origin is a global 
attractor of the differential system 

The corresponding version of the MYC for discrete dynamical systems is 
as follows. Let F : IR n — > W n be a C 1 — vector field. Consider the sequence 

x (m+1) = F(x {m) ) , x (0) GM n . (2) 

Consider also the dynamics of the iterations of F. Let p be a fixed point 
of F, that is, F{jp) = p. We say that p is a global attractor of the discrete 
dynamical system ([2]) if the sequence x^ tends to p as m tends to infinity, 
for any x (0) G W 1 . 

The Discrete Markus- Yamabe Conjecture (DMYC). Let F : R n ->■ 

]R n be a C 1 — vector field with F(0) = 0. If for any x G M™ all the eigenvalues 
of the Jacobian of F at x have modulus less than one, then the origin is a 
global attractor of the discrete dynamical system ([2]) generated by F. 

It is known that the MYC (resp. the DMYC) is true when n < 2 (resp. 
n = 1) and false when n > 3 (resp. n > 2), though both conjectures are 
true for triangular vector fields in any dimension. For these vector fields, L. 
Markus and H. Yamabe prove the continuous case in |MY] , and A. Cima et al. 
prove the discrete case in |CCM 2j. For polynomial vector fields, the DMYC 
is also true when n = 2 (see |CGM2j ). though both conjectures are false when 
n > 3. For an example of a pair of polynomial vector fields, of which one 
satisfies the MYC hypotheses and the other the DMYC hypotheses, having 
both vector fields orbits that escape to infinity, see jCEGMH] . Further in 
[CGM lJ. A. Cima et al. obtain a family of polynomial counterexamples 
containing the preceding pair. 

In this paper we study both conjectures in the case of a special family of 
polynomial vector fields in M n , focusing on n = 3. Given a real number A and 
a positive integer n, we denote the set consisting of the polynomial vector 
fields in M. n of the form F = XI + H , where / is the identity map and H has 
nilpotent Jacobian matrix at every point, by J\f(\, n). Note that for this class 
of vector fields, the Jacobian matrix at each x G M. n has all its eigenvalues 
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equal to A. Therefore, a vector field F = XI + H in Af(\, n) satisfies the 
MYC (resp. the DMYC) hypotheses if and only if A < (resp. |A| < 1). 
The counterexamples of |CGM1] are, basically, vector fields X = XI + H 
in jV(A, 3) where if is a quasi-homogeneous vector field of degree one. In 
[Gui-Cast] . we give examples of vector fields in J\f(X, 3) which are linearly 
trianguralizable (that is, triangular after a linear change of coordinates). For 
these vector fields, the MYC (resp. the DMYC) is true when A < (resp. 
|A| < 1). Further, the paper contains a family of counterexamples to the 
MYC which generalizes that of Cima-Gasull-Manosas. 

Polynomial vector fields H defined on R n and on C n with nilpotent Jaco- 
bian matrix at every point have been extensively studied from the algebraic 
geometry viewpoint (see for example |vE] ) . In this paper we make use of 
some aspects of this theory. 

The examples and counterexamples X = XI + H G A/"(A, n) of above 
have one common characteristic, namely the rows of JH are linearly de- 
pendent over K. Thus we are led to introducing the sets Mu{\ n ) an d 
Afu(X,n). The first is the set consisting of the polynomial vector fields 
X = XI + {Hi, . . . , H n ) in Af(X, n) such that . . . , H n } is linearly de- 
pendent over M. The second set is Afu(X, n) = Af(X, n) —Afu(X, n). Section 2 
studies the linearly dependent case, especially when the dimension is three. 
We give a normal form for the vector fields of N"id{X, 3) (see Proposition 12. 2\i 
and characterize those elements which are linearly triangularizable (see The- 
orem [23]). The normal form depends on a polynomial f(t) with coefficients 
in M[z]. In the case f(t) is a polynomial of degree one, we show that the 
corresponding vector fields satisfy both conjectures (see Theorems 12.101 and 
12. lip . We thus obtain a family of non-linearly triangularizable vector fields 
in Afid{X, 3) for which both conjectures are true. To our knowledge, there are 
no examples as the preceding one in the literature. In the case the degree of 
f(t) is greater than one, we give a new family of counterexamples to both the 
MYC and the DMYC (see Proposition 12.12) ). The foregoing considerations 
lead us to raising the question, Do there exist vector fields in Afid(X, 3) with 
the degree of f(t) greater than one for which the MY Conjecture, or the 
DMY Conjecture, or both, are true? The section concludes showing that, 
for a vector field X e ftfid(X, 3), in order for the origin not to be a global at- 
tractor the vector field must have at least one orbit which escapes to infinity 
(see Theorem 12. 14[) . 

In Section 3 we deal with the linearly independent case. We state the 
Dependence Problem and the Generalized Dependence Problem introduced 
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by A. van den Essen in Chapter 7], among others, and we obtain a 
family of examples F n>r = XI + H nr in Afu(X,n) for any dimension n > 3, 
with rk JH nr = r > 2. When n > 3 and r = 2, we show that both con- 
jectures are false for these vector fields (see Theorem 13.21) . Subsequently, 
we consider vector fields X = XI + H G Afu(X,3), where H(x,y,z) = 
(u(x, y, z),v(x, y, z), h(u(x, y, z), v(x, y, z))). For a characterization of a large 
class of these vector fields H, see |ChE] . The characterization depends on a 
polynomial map g(t). In the case g(t) is a polynomial of degree less than or 
equal to two, we show that the vector field X = XI + H, with A < 0, has 
orbits that escape to infinity (see Theorem 13. 5p . On the other hand, in the 
discrete case, for |A| < 1, these maps have a periodic point of period three 
(see Theorem 13. 9p . Therefore, the DMYC is false for this class of maps. This 
scenario leads to posing the following question. Do there exist vector fields 
in J\fu(X,3) for which the MY Conjecture, or the DMY Conjecture, or both, 
are true? 

2 The linearly dependent case 

Given a linear isomorphism T : M. n — > M n and a vector field F = X I + H G 
Af(X, n), we have 

T,F = T o F o T- 1 = X I + T o H o T~ l G Af(\, n) (3) 

which implies that the set jV(A, n) is invariant by linear changes of coor- 
dinates as both a continuous dynamical system and a discrete dynamical 
system. Moreover, the vector field obtained after a linear change of coordi- 
nates is the same in both the continuous and the discrete cases. 

Let Mid(X, n) be the set consisting of the polynomial vector fields X = 
XI + (Hi, . . . , H n ) in jV(A, n) such that {Hi, . . . , H n } is linearly dependent 
over R. Let Afu(X,n) = J\f(X,n) — Afid(X,n). Note that the examples and 
counterexamples of |Gui-Cast] belong to the set ftfid(X, 3). The following 
gives properties of these sets. 

Proposition 2.1. 1) The sets Mid(X,n) and Afu(X,n) are invariant by 
linear changes of coordinates. 

2) Let X = X I + (Hi, . . . , H n ) G N(X, n) be such that X(0) = 0. Then 
X G Afid{X,n) if and only if the rows of the Jacobian matrix 
J (Hi, . . . , H n ) are linearly dependent over M.. 
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3) Let X G A/jd(A,n). Then there exists a T G Gl n {M) such that T*X = 
XI + (H%, . . . , i? n _i, 0). Moreover, for any a G E, t/ie vector field 
X a : M n_1 -)■ M n_1 defined by X a (xi, . . . , x n -i) = A (a?i, . . . , x„_i) + 
(ifi, . . . , ff n _i)((xi, . . . , x n -i, a) belongs to jV(A, n — 1). 

Proof. Assertion 1) is clear. Assertion 2) follows from |vE| Exercise 7.1.1]. 
Concerning assertion 3), let X — XI + (G\, . . . , G n ) G Afid(X,n), and let 

(oti, . . . , a n ) G lR n — {(0, . . . , 0} be such that a\ G\-\ Ya n G n = 0. Without 

loss of generality, we may suppose a n ^ 0. Consider the linear change of 
coordinates 

(x 1 ,...,x n ) = T(u 1: . . . ,u n ) = (u u . . . , u n _i, a 1 u 1 ^ V a n u n ) . 

Then T^X — XI + (Hi, . . . , H n _i, 0) and the assertion follows easily. □ 

Our next result gives a normal form for the vector fields in Afi^X, 3). For 
a proof, see for example [ChEl Corollary 1.1]. 

Proposition 2.2. Let X = XI + (S, U, V) G A/w(A, 3). Then there exists a 
T G Gl 3 (R) such that T*X = XI + (P,Q,0) where 

P(x,y,z) = —b(z)f(a(z)x + b(z)y) + c(z) and 

Q(x,y,z) = a(z) f (a(z) x + b(z) y) + d(z) (4) 

with a, b,c,d G R[z] and f G R[z] [t] . 

Remark 2.3. In the normal form (ffl) we may assume /(0) = by modifying 
the polynomials c(z) and d(z) if necessary. 

An interesting question about the vector fields satisfying the hypotheses 
of the MYC or the DMYC concerns the injectivity. 

Proposition 2.4. Any X G Am(A,3) is injective. 

Proof. The Proposition results from the normal form □ 

Consider the following sets. Let jVcy(A, n) (resp. jVby(A, n)) be the 
subset of Af(X, n) consisting of the polynomial vector fields X such that the 
origin is a global attractor for the different iable system x = X{x) (resp. the 
discrete dynamical system generated by X). 
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Recall that a vector field F : M. n — > W 1 is triangular if it has the form 

F(xi,x 2l ■ ■ ■ ,x n ) = (F 1 (x 1 ),F 2 (xi,x 2 ), • • • ,F n (xi,x 2 , • • • ,x n )) . 

Let AcT(A,n) (resp. A/dt(A, n)) be the subset of Af(\,n) consisting of the 
polynomial vector fields F for which there exists a diffeomorphism 
G : K™ — > R™ such that G*F (resp. G o F o is triangular. The elements 
of A/"ct(A, (resp. A/£>*r(A,n)) are called triangularizable. An element F in 
Act(A, n) (resp. Ndt(X, n )) is said to be linearly triangularizable if there ex- 
ists a linear change of coordinates which makes F triangular. We denote the 
set consisting of the vector fields in jV(A, n) which are linearly triangulariz- 
able by Nlt{^-, n )- Since the MYC is true for C 1 — vector fields in dimension 
two and the DMYC is true for polynomial vector fields also in dimension 
two, and since both conjectures are true for triangular vector fields in any 
dimension, we have the following. 

Theorem 2.5. Let A G M, and let n > 2 be an integer. 
Then: 

a) J/A<0 (resp. |A| < I), then M(\, 2) = A^y(A,2) (resp. Af(\,2) = 
AW(A,2)j. 

b) If A < ; then Af LT (\,n) C N C T{\n) C A/" C y(A,n) njV w (A,n) . 

c) If < | A| < I, then N LT (\, n) C M DT {\ n) C M D y{\ n) n A/Jd(A, n) . 

Proof. For a proof of assertion a) in the continuous case, see for example C. 
Gutierrez |Guj ; in the discrete case, see |CGM2j Theorem B]. Assertion b) 
follows from [MYl Theorem 4]. Assertion c) follows from |GGM2[ Theo- 
rem A]. □ 

Using the preceding notation, the main result of [Gui-Castl Section 2] 
and its corollaries can be rewritten as follows. 

Theorem 2.6. Let A G 1, and let m > 1 be an integer. Assume Xk = 
XI + Hi + ■ ■ ■ + Hk G A/w(A, 3) for 1 < k < m, where Hi is a homogeneous 
polynomial of degree i, with i — 1, . . . , m. Then Xk G A/lt(A, 3) and 

X m (x,y,z) = X(x,y,z) + (0,a 1 x^ a m x m , r ± (x, y) H \-r m (x,y)) 

where ri(x,y) is a homogeneous polynomial of degree i, with 1 < i < m, up 
to a linear change of coordinates. 
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Corollary 2.7. Let A G R, and Zei fc, m fre integers such that 
1 < k < m. Any polynomial vector field X = XI + if& + iT m G jV(A,3) ; 
ty^A i/fc and H m homogeneous polynomials of degree k and m, respectively, 
belongs to A/lt(A, 3). 

Corollary 2.8. Let A G R. Any polynomial vector field X = XI + H 2 + 
i?3 G jV(A, 3), wift one? H3 homogeneous polynomials of degree 2 and 3, 
respectively, belongs to A/lt(A,3) . 

Our next result establishes conditions under which vector fields of the 
form X = XI + (P,Q,0) G A^ d (A,3), with (P,Q) as in Proposition [221 are 
linearly triangularizable. 

Theorem 2.9. Let X = XI + H G Md(X, 3) where 

H(x,y,z) = f(a(z)x + b(z)y)(-b(z),a(z),0) + (c(z),d(z),0) 

with X G R, a,b,c,d G R[z], / G K[z][t], and X(0) = 0. Then X eAf LT {X,3) 
if and only if either f is constant or {a, b} are linearly dependent over R. 

Proof. When / depends only on z, the result is clear. In what follows, we will 
assume that the degree of / with respect to t is greater than zero. If {a, 6} 
are linearly dependent over R, then there exists (a, (5) G R 2 — {(0,0)} such 
that aa(z) + 0b(z) = 0, for all z G R. Assume (3^0. Then b(z) = 5a(z), 
with 5 = — §. Consider the linear isomorphism T(x,y,z) = (z,x + 8y,y). 
Then 

T*(X)(u,v,w) = X(u,v,w) + (0,c(u) + S d(u),a(u) f(a(u) v) + d(u)) , 

which is triangular. 

Now suppose that there exists a linear isomorphism M such that 

M m (X)(u,v,w) = X(u,v,w) + (A(v,w),B(w),0) . 

Assume that [M] = (^ij)i<ij<3 is the matrix of M with respect to the 
canonical basis of R 3 . We have 

m 3 i [-/(*) b(z) + c(z)} + m 32 [f(t) a{z) + d{z)\ = 

where t = a(z) x + b(z) y. Then 

m 3 i [-/(0) b(z) + c(z)] + m 32 [/(0) a(z) + d(z)] = 
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and, therefore, 

(/(*) " /(0)) [~m 31 b(z) + m 32 a(z)\ = . 

If ( 77131, 7713,2) 7^ (0, 0), the proof is complete. If (77731, 7773,2) = (0, 0), we may 
assume that 772,33 — 1 an d det[M] = 1. Thus the matrix of M^ 1 with respect 
to the canonical basis of M. 3 is 

/ m 22 -77712 777 13 
[M _1 ] = -77721 77711 777 23 

\ 1 

With 77713 = -77713 777 2 2 + 777i 2 777 2 3 and 777 2 3 = 777i 3 77721 ~ 777n 777 2 3- Then 
t = a(w) [t7722 U — 77712 V + 777i3 H + b(w) [—77721 U + 777n V + 77723 w] 

and 

B( W ) = 77721 [-f(t) b(w) + C{W)) + 77722 [/(*) a(tw) + d(w)] . 

Differentiating the preceding expression with respect to u we obtain 

= f{t)[m 22 a{w) - m 2l b{w)} 2 
and so {a, 6} are linearly dependent over R, which completes the proof. □ 

The next two results assert that, in the linearly dependent case, the origin 
is always a global attractor when the degree of the polynomial f(t) is one. 
These results give examples of vector fields in A/"cy(A,3) and in A/}jy(A,3) 
which are not linearly triangularizable. By Remark 12.3} it suffices to consider 
the case f(t) = g(z) t. 

Theorem 2.10. Let X = XI + H e Md(A,3) where 

H(x,y,z) = g(z) (a(z)x + b(z)y) (-b(z) : a(z),Q) + (c(z) , d(z) , 0) 
with A < 0, a,b,c,d,g E R[z] and X(0) = 0. Then X E AT cy (A,3). 

Proof. Note that (x(t), y(t), z(t)) is a solution of the differential system x = 
X(x) if and only if z(t) = z Q e xt and (x(t),y(t)) is a solution of the linear 
system 

/ A - A(t)B(t)G(t) -B{tfG{t) W x \ ( C(t) \ 
\ A(tfG(t) X + A(t)B(t)G(t) J \y) + \ D(t) J 
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where (A, B, C, D, G)(t) = (a,b,c,d,g)(z e xt ). Since the origin is a local 
attractor, there is a basis of solutions of the linear system consisting of solu- 
tions which tend to the origin as t tends to +00. Therefore, the origin is a 
global attractor. □ 

Theorem 2.11. Let F = XI + H e A/jd(A,3) where 

H{x,y,z) = g(z){a(z)x + b(z)y){-b{z),a{z),0) + (c(z),d(z),0) 

with < A < I, a,b,c,d,g e R[z], and X(0) = 0. Then F e AT Dy (A,3). 

Proof. Without loss of generality, we may assume that c(z) = d(z) = 0. 
In fact, the polynomials c(z) and d(z) may be eliminated by applying the 
coordinate change T(u, v, w) — (u + m(w), v + n(w), w) where 

m f W } ) = [(1 - A) / + g{w) M{w)\ ( c }™\ 

n(w) J (1-A) 2 J V d(w) 

with 

mh = ( -*w$v) -b(wy 

y ' \ a(wf a(w)b(Wj 

So we assume 

H(x,y,z) = g(z)(a(z)x + b(z)y)(-b(z),a(z),0) . 

Therefore, 

F(x,y,z) = (A(z)( X y Y\z) 



where 

A - a(z)b(z)g(z) -b(z) 2 g(z) 
a{zfg{z) X + a(z)b(z)g(z) 



A(z) = 

Thus it suffices to prove that, for any (x, y) G M 2 , we have 
lim A{\ n z)A{{\ n ' 1 z) . . . A(Xz)A(z) 



x \ I 

Let A^2 be the normal vector space of the 2x2 real matrices A = (a^) 
endowed with the norm || A\\ = 2 max |ajj|. Considering R 2 endowed with 
the norm || (x, y)|| = max{|x|, \y\}, we have 

\\A((x,y))\\ < \\A\\ \\(x,y)\\ and \\AB\\ < \\A\\ \\B\\ . 



9 



A simple computation yields 

A{\ n z)A{{\ n - l z)...A{\z)A{z) 



X n — naobog \ 



n-l 



riiU) 



-nblg X n + r 12 (z 



nalg \ n + r 2 i(z) X n + na bog X n + r 22 (z 
where 7^(0) = and (a , b ,g ) = (a,b,g)(0). 

Fix N e N so that 2NX N ~ 1 max{a^ , fcjjtfo, \a b g \} < 1- Let B(z) = 
A{\ N - 1 z)A{{\ N - 2 z) . . . A(\z)A(z). Consider < \z\ < z such that || B(z) \\ < 
K < 1. Then, for n = kN — 1, we have 



A{\ n z)...A{z) 



which completes the proof. 



(;) 









B{\^ N z)...B{z) ^ 



< K k || {x,y)\\ ^ if k ->■ oo 



□ 



When the degree of the polynomial f(t) is greater than one, there are 
examples of polynomial vector fields in A/zd(A, 3) having orbits that escape 
to infinity. 



Proposition 2.12. Let F = XI + H e Md(X, 3) where 

H(x,y,z) = z^ix + yz^i-z, 1,0). 

Then: 

a) If X < and k odd, then F £ Ncy{\ 3). 

b) If < |A| < I, then F Af DY (\,3). 
Proof, a) By applying the coordinate change 

(u, v, w) = T(x, y, z) = (z(x + yz), Xyz 2 , z) 
outside of z = 0, we obtain 

%(F)(u,v,w) = {2Xu + v,3Xv + Xu k+1 ,Xw) . 



(5) 



(6) 



10 



The planar system 

(ii,v) = {2Xu + v,3Xv + Xu k+1 ) (7) 

has two singular points, namely the origin and the point uo(l, — 2 A) where 
u = VOX ■ For zq 7^ 0, the latter singular point generates the following orbit 
of the original system 

7(t) = ( ^6A e _» _2_VQX e _ 2AU eXt) 
which escapes to infinity as t tends to +oo. 

b) Again, by applying the coordinate change (jSJ) outside of z = 0, we obtain 
ToFoT-\u,v,w) = X{Xu+{X-l){v + u k+1 ),X 2 {v + u k+1 ),w) . (8) 
The planar map 

(u, v) A (Xu + (A - l)(v + u k+1 ), X 2 (v + u k+1 )) 

has two fixed points, namely the origin and the point Uq(1, — A 2 (l + A)) where 

u = ^ ( 1+A ^ A ^ll . For zq 7^ 0, the latter fixed point generates the orbit of 
the original map 

(x v z) - r (1 + A + A>0 (1 + X)U ° X n z 

which escapes to infinity as n tends to +oo. □ 

Remark 2.13. Assertion a) of Proposition [OH is also true if we consider 
n>2, a(z) = 1, b(z) = z, and f(t) = z n ~ 2 (A l (z)t + ■■■ + A n (z) t n ), with n 
either even and A n (0) ^ or n odd and A n (0) < 0. 

Thus we are led to posing the following. 

Question 1. Do there exist vector fields in A/^(A,3), with the degree of 
f(t) greater than one, for which either the MY Conjecture, or the DMY 
Conjecture, or both, are true? 

Our next result shows that, for a vector field X e J\fid(X, 3), in order for 
the origin not to be a global attractor the vector field must have at least one 
orbit which escapes to infinity. 
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Theorem 2.14. Let AeM, and let F = A I + H G Af ld (\,3). If X < (resp. 
|A| < 1^ and F ^ A/cy(A,3) (Vesp. F ^ A/dy(A,3), t/ien t/ie differential 
system x = F(x) (resp. discrete dynamical system generated by F) has orbits 
which escape to infinity. 

Proof. We may assume that H = (P, Q, 0) where 



with a, b,c,de R[z) and / G R[z)[t). 

Consider the case A < 0. Let j(t) = (x(t),y(t), z(t)) be a solution of 
the system x = F(x). We denote the omega-limit set of 7 by Since 
z(t) = z(0)e xt , we have a; (7) C W m , where Woo is the extended plane 
{z = 0}U{cxo}. If the orbit j(t) is bounded, then u(j) = {0}, thus obtaining 
the theorem. The proof for the discrete dynamical system generated by F is 
analogous. 



3 The linearly independent case 

In this section we consider the linearly independent case. We begin with 
some algebraic preliminaries extracted from [vEt Chapter 7] and |ChE] . The 
study of the Jacobian Conjecture for polynomial maps of the form I + H, 
where I is the identity map and H a homogeneous map of degree 3, with JH 
nilpotent, led various authors to the following problem. Let k be a field of 
characteristic zero. 

Dependence Problem. Let d G N, with d > 1, and let H = (Hi, . . . , H n ) : 
K n — > k u be a homogeneous polynomial map of degree d such that JH is 
nilpotent. Does it follow that Hi, ... , H n are linearly dependent over /c? 

The attempt to solve it by induction led to consider the more general 
problem: 

Generalized Dependence Problem. Let H = (Hi, . . . , H n ) : K n — > K n be 
a polynomial map such that JH is nilpotent. Are the rows of JH linearly 
dependent over k! 



P(x,y,z) 
Q(x,y,z) 



—b(z) f(a(z) x + b(z) y) + c(z) and 
a(z) f(a(z) x + b(z) y) + d(z) 



□ 
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The answer to this question turned out to be "yes" if n < 2 and "no" 
if n > 3. More precisely, the following is proved by van den Essen in [vE\ 
Theorem 7.1.7]. 

Theorem 3.1. i) If JH is nilpotent and rk JH < 1, then the rows of 
JH are linearly dependent over n (here rk is the rank as an element of 
M n (n(X)). 

ii) Let r > 2. Then, for any dimension n > r+1, there exists a polynomial 
map H n)T : K n — >• K n such that JH nr is nilpotent, rk JH n ^ r = r, and 
the rows of JH nr are linearly independent over k. 

As an example, let a G M[xi], with dega = r and f{x\, X2) = x 2 — a(x\). 
Then H n ^ r = (Hi, . . . , H n ), where 

Hi(xi, . . . ,x n ) = f(xi,x 2 ), 

(— lV 

Hi(xi, ...,x n ) = x i+ i + f. — Jry a {i ~V(xi) (f(xi, x 2 )Y~ l , if 2 < i < r , 

(1 - 1)! 

H r+ i(xi, . . . ,x n ) = : a (r) (xi) (f(xi,x 2 )) r , and 

Hj(xi, . . . ,x n ) = (f(x u x 2 )) 3 ' 1 , if r + 1 < j <n, 

is a polynomial map satisfying assertion ii). (See |vE[ Proposition 7.1.9]). 
For r = 2 and n > 3, the components of H n 2 are 

Hi(xi, . . . , x n ) = x 2 — axi — bx\, 

H 2 (xi, . . . , x n ) = x 3 + (a + 2 bxi) (x 2 - axi - bx\) , (9) 

H^(xi, x n ) = — b (x 2 — a Xi — bx\) 2 , and for j > 4 

Hj(xi, . . . , x n ) = (x 2 - axi - bxl)^ 1 , 

with b ^ 0. 

Theorem 3.2. Let F n<2 = XI + (Hi, . . . , H n ), with Hi as in (Tj|). 

a) If A < 0, then the system x = F nj2 (x) has orbits that escape to infinity. 

b) If — 1 < A < 1, then the discrete dynamical system generated by F„ )2 
has a periodic orbit of period three. 
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Proof. For assertion a), it suffices to prove the Theorem when n — 3. Set 
X = F 3 2 - Then by applying the coordinate change (u, v, w) = (f>(xi, x%, x 3 ) = 
b (xi, X3 — X bx\ , \x\ + xi — ax\ — bxf), we have 4>*(X) = Y where 

Y(u,v,w) = (w, A v — w 2 , 2 A w + v — X 2 u) . 

We make the change of coordinates 

(s,q,p) = ^(l,u,w) 

to find those orbits of Y which escape to infinity. If Z is the vector field Y 
in the new coordinates, then W = (Wi, W2, W3) = s Z is defined by 

W(s,q,p) = (-s(\s-p 2 ),s(p-\q) + qp 2 ,s(\p+l-\ 2 q)+p ;i ). 

For s ^ 0, the orbits of Z and W are the same. Moreover, for s > (resp. 
s < 0), the orbits of Z and W have the same (resp. inverse) orientation. 
Over the plane s — 0, the vector field W is radially repelling outside of a 
line of singular points, namely the line p — 0. For s > 0, we have Wi > 
and, therefore, there are no orbits there with a;— limit set contained at s — 0. 
For s < 0, we must find orbits of W with a— limit set contained at s = 0. 
Indeed, consider the numbers 

and the set 

Pa = {(s, q, p) : As - p 2 < , s < s < , < q < q , < p < p } . 
We find: 

1) Over the set Pa n {(s, q,p) : As — p 2 = 0}, the vector field W points 
outward from the set Pa- In fact, if (s, q,p) G Pa and As — p 2 = 0, 
then 

3 

AW 1 -2pW 3 = JL^a + ZX) + 2(1-A 2 g)] 

3 

> -^[ Po (A + 3X) + 2(1-A 2 g )]=0. 
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2) Over the set Pa H {(s, po) : s < 0}, the vector field W points outward 
from the set Pa- In fact, if p = £>oj then 

W 3 = s(Ap + l-A 2 ?)+^ 

7 1 
> s(Ap + l)+Po = o s_ 



8 8 3 A 3 
7 1 -1 

" 8 S °"8^ " 8^ > °- 

3) Over the set Pa fl {(s,0,p)}, the vector field points outward from 
the set Pa- In fact, if q = 0, then 

W 2 = s p < . 

4) Over the set Pa fl {(s, 9o>p)}, the vector field IV points outward from 
the set Pa- In fact, if q — qo, then 

W 2 = sp-q (\s-p 2 ) = (Xs-p 2 )[ SP 2 -g ]>0 

A s — p z 

because 

2 

As-p 2 < As - p 2 < As -^ = 



and 

h(a,p) = SP < h(s ,p) < h(s , ^) = — < <?o • 
As-jr 2 16A^ 



Thus, any orbit 7(f) of VF, with 7(0) an interior point of Pa, has a— limit set 
contained in the line s = p = 0. Clearly, any (of these) orbit corresponds to 
an orbit of our initial vector field X that escapes to infinity. This completes 
the proof in this case. 

Concerning assertion b), assume n > 3. The proof of the case n = 3 is a 
particular case of Theorem 13.91 Note that 

F„ i2 (xi, ...,x n ) = (F 3 ,2(>i, x 2 , x 3 ), Xx 4 + f(x 1 , x 2 ) 3 , ...,Xx n + f(x ll x 2 ) n ~ 1 ) 

where f(xi, x 2 ) = x 2 — ax% — bx\. We have that the third iterate of F n>2 is 
of the form 

Fj 2 (xi, . . . , x n ) = {F 3 2 (xi, x 2 , x 3 ),X 3 x 4 +g 4 (x 1 , x 2l x 3 ),..., X 3 x n +g n (x ll x 2 , x 3 )) 

The point (xi, . . . ,x^), where (a^a^^i) is a periodic point of period three 
of F 3 2 and x~] = gj (x\ , £2 , X3 ) , with 4 < j < n, is a periodic point of 
period three of F n>2 , which completes the proof. □ 
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Note that H 32 has the special form 

H 3i2 (x,y,z) = (u(x,y),v(x,y,z),h(u(x,y))) . (10) 

By applying a linear change of coordinates to a large class of polynomial 
maps H = (Hi, H 2 , H 3 ) of the form 

H(x,y,z) = (u(x,y,z),v(x,y,z),h(u(x,y,z),v(x,y,z))) (11) 

where JH is nilpotent such that Hi,H 2 ,H 3 are linearly independent, we 
obtain 

G(x,y,z) = (g(t),v 1 z- (b 1 + 2v 1 ax) g(t),ag(t) 2 ) (12) 

with t = y + bi x + v\ax 2 and v±a ^ 0, and g G M[t] with g(0) = and 
deg 4 g(t) > 1. More specifically, we have the following. 

Theorem 3.3. Let H(x, y, z) = (u(x, y, z), v(x, y, z), h(u(x, y, z), v(x, y, z))). 
Assume that H(0) = 0, h'(0) = 0, and the components of H are linearly 
independent over R. Let A = ^ & - |h 2s and B = ^ - ^ If JH 

r ox az ox oz ay oz ay oz J 

is nilpotent and deg z (uA) ^ deg z (vB), then there exists a T 6 GL 3 {R) such 
that THT~ l is of the form (TTj 



(See [CEEj .) 

Remark 3.4. 1) Under the condition deg z (uA) ^ deg z (vB), by Theo- 
rem \3.3\ any vector field 

X = XI + (u(x, y, z),v(x, y, z), h(u(x, y, z),v(x, y, z))) G Mu{\ 3) 

has the form 

X{x,y,z) = X(x,y,z) + (0, Vl z,0) + (13) 
g(t) (1, -(&! + 2v 1 ax),ag(t)) 

up to a linear change of coordinates, where t = y+bi x+viax 2 , v±a ^ 0, 
and g G R[t], with g(0) = and deg t g{t) > 1. 

2) When n = 3, the vector field F 3>2 of Theorem \ 3.2\ - - up to a linear 
change of coordinates - - has the form (T73j) with g(t) a polynomial 
of degree one. Therefore, for this vector field both the MYC and the 
DMYC are false. 

Consequently, we ask: 

Question 2. Do there exist vector fields X G Nu(\, 3) of the form (fT3|) for 
which the MY and/or the DMY Conjecture is true? 
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3.1 The continuous case 

In the continuous case, our next result gives a negative answer to Question 
2 when the degree of g(t) is less than or equal to two. First note that by 
applying the coordinate change 

(u,v,w) = (j)(x,y,z) 

= (A x + g(t), t, V\ z + A v i ax 2 ) 

where t = y + b\ x + viax 2 , to the vector field ffTBT) we obtain 

(f)*(X)(u,v,w) = X(u,v,w) + (g'(v)(Xv + w),w,au 2 ) . (14) 

Theorem 3.5. Consider a vector field X eA/]i(A, 3), with X < 0, of the form 
< f73|) where g(t) — A\t + A 2 4-- Then X has orbits that escape to infinity. 

Proof. In the case A<i = 0, making the linear change of coordinates 

(u, v, w) = 4>(x, y, z) = — (x, my, mv\z) 

m 

where m — A\, the vector field X — XI has the form ([9]) . The result now 
follows from Theorem 13.21 

Next consider the case A 2 ^ 0. We may assume 

X(x, y, z) = A(x, y, z) + (g'(y)(Xy + z), z,v x ax 2 ) . 

To find orbits of X which escape to infinity, we first make the coordinate 
change 

1 

(u,v,w) = -{x,y, 1) . 
If Y is the vector field X in the new coordinates, then Z = w Y is defined 

by 

Z(u,v,w) = (-/3u 3 + (A l w + A 2 v)(Xv + l),-Pu 2 v + w,-w(Xw + /3u 2 )) 

where /3 = v± a. For mj^O, the vector fields Y and Z have the same orbits. 
Moreover, for w > (resp. w < 0), the orbits of Y and Z have the same 
(resp. inverse) orientation. Now we apply the blow-up 

(s,q,p) = (u,^,^r 



u 3 ' u 5 ' 
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If Y"i is the vector field Y in the new coordinates, then Y 1 = s 2 Z x where 

Zi(s,?,p) = A(s, ? ,p)(s,-3g,-5p) + (0, p - /3q, -p(/3 + Xps 3 )) 

and where A(s, q,p) = — (3 + (Aips 2 + A 2 q){\qs 3 + 1). 
The singularities of Z x over s = are 

(0,0,0), (0,^,0), and (0, |J) . 

The Jacobian matrix of Z\ at (0, has eigenvalues 

/ii = -- , /x 2 = — — , and fj, 3 = -2(3 . 

In the case /3 > (resp. /5 < 0), this singularity is an attractor (resp. repeller) 
for vector field Z\. Given an initial condition (s(0),q(0),p(0)) sufficiently 
close to the singularity, with s(0)p(0) > (resp. s(0)p(0) < 0) for (3 > 
(resp. (3 < 0), we obtain an orbit of the original vector field X that escapes 
positively to infinity. 

□ 



3.2 The discrete case 

In the discrete case, we prove that the answer to Question 2 is negative for 
any g(t) G M[t] where g(0) = and deg t g(t) > 1. 

For |A| < 1, consider 

F(x,y,z) = X(x,y,z) + (0,v 1 z,0) + (15) 
g(t) (1, -(6x + 2uiaa:),a^(t)) 

where £ = y + &i x + v±ax 2 ,via ^ 0, and g(t) G R[£] with g(0) = and 
deg t g(t) > 1. 

Lemma 3.6. TTie se£ of fixed points of F is reduces to the origin. 

Proof. If (xo, yo, zo ) is a fixed point of F and t = y + bix + uiccXq, then we 
have 

(l-A)xo = g(t ), 

(1 — X)zq = ag(t ) 2 , and 

(1 — X)yo = v ia(l — X) xl — (bi + 2vi<y xo)(l — X)xo 
= — t»i (1 — A) xq — v\a{l — A) Xq . 
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Therefore, 

to = =s> g(t o ) = =^ (x ,yo,z ) = (0,0,0). 

□ 

Periodic points of period two. Assume (x , yo, zq) ^ (0,0,0) is a 
periodic point of period two of F, and let (3 = v±a. Then 

Ci(a;o,yo,2b) = (A 2 - 1) x + X g(t ) + g(h) = , (16) 
C 2 (x ,y ,z ) = (A 2 -1) z + Xag(t ) 2 + ag(t 1 ) 2 = 0, (17) 
C 3 (x ,y ,z ) = (A 2 -l)y + 2Xv l z -X{b 1 + 2^x )g{t ) + (3g{t ) 2 

-(b 1 + 2/3(Xx + g(t )))g(t 1 ) = (18) 

where 

to = yo + hxo + P xl and 

ti = Xb!X + Xyo + v l z -2fix g(t ) + (3(Xx + g{t )) 2 ■ 

Lemma 3.7. If g(t) = t, then the unique periodic point of period two of F 
is the origin. 

Proof. Suppose F 2 (xo, yo, zo) = (xo,yo,zo). In this case, we have 
d(a;o,yo^o) = z = — [(A/3+1-A 2 ) x -2(A-/3) t -p(Xx +t ) 2 ] . 

Vl 

Replacing this value of z in the equation C 3 (x , y , z ) — C 2 {xo, yo, z ) = 
0, we obtain 

(l + Xyi-Xo + hxo + Xxo + fixl + yo) = 0. 

Replacing our z and the value y = (1 — A — bi) x — fix\ in equations (16) 
through (18), we obtain 

Ci{x ,yo,zo) = 0, 

C 2 (xo,yo,z ) = -(A-l) 3 x = 0, 

C 3 {x ,y ,z ) = ^(A-l) 3 (l + A)x = 0. 
This implies that (x , yo, zo) = (0, 0, 0), which completes the proof. □ 
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Periodic points of period three. Assume (x ,y ,z ) ^ (0,0,0) is a 
periodic point of period three of F, and let j3 = V\a. Then 



D 1 (x ,y Q ,z Q ) = {X 3 -l)x + X 2 g{t ) + \g(t 1 )+g(t 2 ) = 0, 
D 2 (x ,y ,z ) = (A 3 - 1) z + \ 2 ag(t ) 2 + Xagfa) 2 + a g(t 2 ) 2 = 0, 
D 3 (x ,y ,z ) = (X 3 -l)y + 3\ 2 v 1 z - \ 2 (b 1 + 2px )g(t ) + 2\pg(t ) 2 
-A fa + 2/3 (Ax + g(to))) g{h) + /3 gihf 
-(b + 2P(\ 2 x + \g(t )+g(t 1 )))g(t 2 ) = 

where 

*o = Vo + hxo + fixl and 

t-y = \b l x + \y + v l z -2f3x g(t ) + (3(\x + g(t )) 2 , 
t 2 = b 1 \ 2 x + \ 2 y + 2\v 1 z -2p\x g(t ) + Pg(t ) 2 

-2/3 (A x + g(to)) gih) + /3 (A 2 x + A g(t ) + ^i)) 2 . 

Lemma 3.8. If — 1 < A < 1 and g(t) = At, with A ^ 0, £/ien F /ias a peri- 
odic point of period three (x , y , z ) ^ (0, 0, 0). Furthermore, the eigenvalues 
of DF 3 (x ,y , Zq) are all other than 1. 

Proof. Computations were done using MATHEMATICA. These proved that 
the point (x , y , z ), where 

(1 + A + A 2 )(1 + 4A 2 + A 4 ) 
x = 



A/3(l-A) 3 

Vo = --^^^[A(1 + A + A 2 )(4 + A + 8A 2 + 11A 3 + 4A 4 + 7A 5 + A 7 ) 

+ Afe 1 (l-A) 3 (l + 4A 2 + A 4 )], and 
(1 + A + A 2 ) 3 (1 + 3A 2 + 4A 3 + 3A 4 + A 6 ) 
Vl A 2 /3(l-A) 5 



is a periodic point of period three of F. They also proved that the charac- 
teristic polynomial of DF 3 (x ,y , z Q ) is 

p( x ) = -A 9 -A (8 + 44 A + 104 A 2 + 164 A 3 + 164 A 4 + 113 A 5 + 44 A 6 
+8 A 7 - 4 A 8 ) x + (-4 + 8 A + 44 A 2 + 113 A 3 + 164 A 4 + 164 A 5 



+104 A 6 + 44 A 7 + 8A 8 )x 2 + 



x 3 
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and that 

p(l) = 3(A-l) 3 (l + A + A 2 )V0. 

□ 

Theorem 3.9. For \\\ < 1, consider 

F(x,y,z) = X(x,y,z) + (0,^,0) + 

g(t) (1, -(&! + 2v 1 ax),ag(t)) 

where t = y + b\ x + viax 2 , v\a ^ 0, and g{t) e to£/j #(0) = and 

g'(0) 7^ 0. Then there exists (x ,yo,z ) ^ (0,0,0) which is a periodic point 
of period 3 of F. 

Proof. Assume that g{t) = At+A 2 t 2 +- ■ -+A k t k , with A^O. If (A 2 , . . . , A k ) = 
(0, . . . , 0), then F will be denoted F Q . Therefore, F Q has a periodic point of 
period three (x , yo, z ) ^ (0, 0, 0) and the eigenvalues of DFq(x , y , z ) are 
other than from 1. Consider the map G : M. k ^ 1 x I 3 4 R 3 defined by 

G(A 2 ,...,A k ,x,y,z) = F 3 (x,y,z) - (x,y,z). 

Note that G(0, . . . , 0, x, y, z) = Fq(x, y, z) — (x, y, z), for all (x, y, z) e M 3 . 
Then G(0, . . . , 0, xo, yo, z ) = (0, 0, 0) and D 2 G(0, . . . , 0, xo, yo, zq) is invert- 
ible. By the Implicit Function Theorem, there exists e > such that, for all 
(A 2 , . . . , A k ) with max{|A 2 |, . . . , \A k \} < e, the map F(A 2 , . . . , A k , ., ., .) has 
a periodic point of period three. In the general case, note that if a G R— {0} 
and T(x, y, z) = a -1 (x, y, z), then 

T(F(T~ 1 (u, v, w) = \{u,v,w) + (0,v 1 w,0) + 

g(t)(l,-(b 1 + 2v 1 au),ag(t)) 

where a = aa and 

g(t) = a" 1 g(at) = At + A 2 at 2 -\ vA k a k ^t k . 

For |a| sufficiently small, the map T o F o T _1 has a non-vanishing periodic 
point of period three and, consequently, so does F. □ 
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